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Abstract - - In  this paper, we establish a new inequality of Ostrowski type for functions with 
bounded erivatives. This has immediate applications in numerical integration where new estimates 
are obtained for the remainder term of the trapezoid, mid-point, and Simpson formulae. Application 
to special means are also investigated. @ i999 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
In 1938, Ostrowski proved the following interesting inequality [1, p. 469]. 
THEOREM 1. Let f : [a, b] ~ R be continuous on [a, b], and differentiable on [a, b] and its 
derivative f '  : (a,b) ~ R is bounded in (a,b), that is, IIf'llo~ := suPte(a,b) I f (x ) ]  < oo. Then for 
any x ~ [a, b], we have the inequality 
f(x) l ~ab dt [~ 
b - a f ( t )  <_ + 
(x - (a 4- b/2)) 2 ] 
-(b--- a~ j (b - a ) I I f ' l l oo  • (1.1) 
Inequal ity (1.1) is sharp in the sense that the constant 1/4 cannot be replaced by a smMler one. 
For some extensions, generalizations and similar results, (see [1; Chapter XV] and reference 
therein). 
0893-9659/1999/$ - see front matter. (~) 1999 Elsevier Science Ltd. All rights reserved. Typeset by A.~g-'I~X 
PII: S0893-9659(99)00139-1 
20 S.S.  DRAGOMIR et al. 
In the recent paper [2], Dragomir and Wang have applied this inequality for special means, 
p-logarithmic, logarithmic, and identric means. They have also applied it in Numerical Analysis 
to obtain some new adaptive quadrature formulae. 
In this paper, we point out some generalizations of (1.1) and apply them to some special means 
and in numerical integration to obtain amongst other things new estimations of the remainder 
term for trapezoid, midpoint, and Simpson's formulae. 
2. THE RESULTS 
The following generalization of Ostrowski's inequality holds. 
THEOREM 2. Let f : [a,b] -* ~ be continuous on [a,b], differentiable on (a,b) and whose deriva- 
tive f'  : (a, b) -+ ~ is bounded on (a, b). Denote IIf'll~ := supte(a,b) If'(z)l < oc. Then 
ffabf(t) d t -  [f(x) ' (1 -  h) + f(a) + f(b) " h] (b -a 2  
(2.1) 
< [~(b-a)2[h2+(h-1)2]+(x  a+bl2  ] 2 IIf'll~ 
for all h E [O, 1] and a + h . (b - a/2) < x < b - h . (b - a/2). 
PROOF. Let us define the mapping p : [a, b] 2 --+ R given by 
p(x, t) := 
t -  [b- h. ~- ]  , t e (x,b]. 
Integrating by parts, we have 
fabp(x,t)f,(t)dt = ~x (t-- [a+h. ~-~] )  f ' (t)dt+ ~b (t-- [b -h .  ~-~-~]) f'(t)dt 
b (2.2) 
= (b-  a). h(f(a) +2 f(b)) + (b-  a). (1 - h). f(x) - fa f(t) dt. 
On the other hand, 
bp(x,t)f,(t)d t ~b ~a b ffa <- IP(x't)]lf'(t)ldt <- Hf'll~ [P(x,t)ldt 
[i 
= l iY l I~L 
Now, let us observe that 
// // // It -- ql dt = (q - t) dt + (t - q) dt 
2 4 k 
for all r, p, q such that p < q < r. Using the previous identity, we have that 
o x]2 
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and 
Then we get 
L dt = -~(b- x) z + b-  h. - - -  x+b]  22  
l ( x -a )2+(b-x )2+(h .b -a  x -a )  2 (b -x  b -a )  2 
L=-~ 2 2 -2 + 2 h" 2 
- (b-a)2 1)2] + ( x 2 ) -4 [ h2+(h-  a+b 2 
and the theorem is thus proved. 
REMARK 1. 
a. If we choose in (1.2), h = 0, we get Ostrowski's inequality (1.1). 
b. If we choose in (2.1), h = 1 and x = (a + b/2), we get the trapezoid inequality, 
L b f(t) dt f(a) +2 f(b)(b- a) <_ l (b -  a) 2 Ilf'll~ 
COROLLARY i. Under the above assumptions, we have the inequality 
(2.3) 
~b 1 [ f (a)+f(b) l (b_a ) 
f(t) dt -  -~ f(x) + 2 
[1 (a+b)  ~] 
_< (b-a)?+ x 2 IIf'II~, 
(2.4) 
for all x E [(b + 3a/4), (a + 3b/4), and, in particular, the following mixture of the trapezoid 
inequality and mid-point inequality: 
L a 1[ ( _~)  f (a )+ f(b)] (b -a )< ~(b-a)21[f'l[~ f(t) dt - ~ f + 2 (2.5) 
Finally, we also have the following generalization f SAmpson's inequality. 
COROLLARY 2. Under the above assumptions and with h = 1/3, we obtain 
f(t) dt - [f(a) + 4f(x) + f(b)](b - <_ (b - a) :  + x 2 IIf'lI~, (2.6) 
tbr all x E [(b + 5a/4), (a + 5b/4)], and, in particular when x is at the midpoint, the SAmpson's 
inequality 
Lbf(t)dt -1  If(a ) + 4f (~-~)  + f(b)] (b -a )< [3-~(b-a)2] IIf'll~. (2.7) 
It is interesting to note that the smallest bound for (2.1) is obtained at x = (a + b/2) and 
h = 1/2. Thus, the quadrature rule (2.5) comprised of the linear combination of the midpoint 
and trapezoidal rule is optimal and has a lower bound than SAmpson's rule (2.7). 
3. APPL ICAT IONS IN  NUMERICAL  INTEGRATION 
The following approximation of the integral f: f (x) dx holds. 
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THEOREM 3. Let f : [a, b] --~ R be a differentiable mapping on (a, b) whose derivative is bounded 
on (a, b). I f  In : a = Xo < xt < "" < In-1 < Xn = b is a partition of [a, b] and hi := xi+l - xi, i = 
O, . . . ,  n - 1, then we have 
~ b f (x)  dx = AT( In,  ~, 5, f )  + RT( In,  ~, 5, f ) ,  (3.1) 
where 
n-1 n-1 
AT(In, ~, 5, f)  = (1 -- 5) E f(~i)hi + 5 E f (x i )  + f(xi+l) hi, (3.2) 
2 i=O i=0 
5 C [0, 1], xi + 5. hi~2 < ~i <- xi+l - 5. hi~2, i = 0 , . . . ,  n - 1; and the remainder term satisfies the 
estimation 
IRT(In,~,fi, f)[ < I[f'[[oo [5 2 + (5 -  1) 2] E h~ + ~ ([ i  xi + xi+l . (3.3) 
i=0 = 2 
PROOF.  Applying Theorem 2 on  the  in terva l  [xi, Xi+l] ,  i : 0 , . . . ,  n - 1, we  get 
hi [ (1 -  5) f (~i )+f (x i )+_2f (x i+l )5]_  ~;'+' f (x)  dx 
_< 5 2+(5-1)  2 xi i+1 II/'11oo, 
for all 5 E [0, 1] and ~i(i = 0, . . . ,  n - 1) as above. Summing over i from 0 to n - 1 and using the 
triangle inequality we get estimation (3.2). 
REMARK 2. 
a. If we choose 5 = O, then we get the quadrature formula 
~ b f (x)  dx = AT(In, ~, f )  + RT(In, ~, f) ,  
where AT(In, ~, f)  is the Riemann's um, i.e., 
n--1 
AT(In, ~, f )  := E f(~i)hi, ~i e [xi, xi+]], 
i=0 
and the remainder term satisfies the estimate (see also [2]) 
IRT(In,LI)I < II/'ll   +  i+2_x +l 
i=0 
b. If we choose 5 = 1, then we get the trapezoid formula 
b 
a f (x  ) dx = AT(In,  f )  + RT( In,  f ) ,  
where AT(In, f )  is the trapezoidal rule 
n--1 
AT(In, f )  = E f (x i )  + f(xi+l) hi 
2 i=0 
and the remainder terms satisfies the estimation 
n--1 
IRT(In,f)l < IIf'll  
- 4 i=0 
i=O, . . . ,n -1 ;  
(3.4) 
(3.5) 
(3.6) 
(3.7) 
COROLLARY 3. 
where 
Ostrowski's IntegrM Inequality 
Under the above assumptions, we have 
L D f(x) = BT(In, ~, f) + Qr(In, ~, f), dx 
1 f (~ i )h++Ef (x i )+f (x i+ l )h  i , 
BT(I. ,  +, f)  = 7 k+=o i=o 2 
and the remainder term satisfies the estimation 
F1 n-1 ~- i  ( 
IQT(In,~,f)l <_ IIf'lloo [g ~ h~ + ~,=0 +i 
In particular, we have 
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(3,8) 
n-1  n--1 2 1 
ST(/~,~, f )  = 5 E f(~+)h+ -~ E [f(x¢) + f(xi+l)] hi, 
i=0 i=0 
[x~+l + 5zi xi + 5x++l] 
~i ~ 6 ' 6 ' 
and the remainder term Wr(Im ~, f) satisfies the bound 
IWT(L, ,~,I)t  <<_ II/'11oo ~-~D,~+~ ~.~ 
i=0 i=0 
and, in particular, Simpson's rule 
where 
2 f xi + xi+l he + E [f(x.i) + f(xi+l)] hi 
Sr(I.~, f )  = ~ i=o 2 6 i=o 
and the remainder term satisfies the estimation 
n- 1 
/)i -< Ili'ii  E £. 
i=O 
xi + x i+ l -  q'/2/ 
)] 2 
L b f(x) dx = ST(In, f) + WT(In, f), 
(3,13) 
(3.14) 
(3.15) 
where, 
Xi÷Xi+l)2] "2  (3.9) 
ab f (x)  dx = BT(In, f) ÷ QT(In, f), (3.10) 
wh ere 
f~ ( ) n-1 (Xi+l)hi 11 f xi+x,+l h i+E f(x~)Wf 
BT(I . ,  f)  = ~ Ui=0 2 ,=o 2 
and QT (In, f) satisfies the estimation, 
n--1 
IQr(In, f)l < IIf'll~o ~h~ (3.11) - 8 
i=O 
Finally, we have the following generalization of Simpson's inequality whose remainder term is 
estimated by the use of the first derivative only. 
COROLLARY 4. Under the above assumptions, we have 
b 
L f(x) dx = ST(In, ~, f) + WT(Zn, ~, f), (3.12) 
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4. APPL ICAT IONS FOR SPECIAL  MEANS 
Let us recall the following means. 
(a) The ar ithmetic mean 
A = A(a,b) := (a+b)  2 ' a ,b>O.  
(b) The geometric mean 
G = G(a, b) := v/-~, a, b _> 0. 
(c) The harmonic mean 
2 
H = H(a,b)  . -  1/a + l ib '  a,b > O. 
(d) The logarithmic mean 
a~ 
L = L(a,b) := b -  a 
l nb -  lna '  
if a = b, 
i f a~b,  
a ,b> 0. 
(e) The identric mean 
{ a, lbb~ i f a=b,  
I = I (a, b) := 1 (1/b-~) 
- i f a~b.  
e \a~/  
(f) The p- logarithmic mean 
a, if a = b, 
Lp = Lp(a,b) := [ bp+l _ap+ 1 ]l/p 
, if a ~ b, 
where p E R{O, -1} .  
The following inequality is well known in the literature: 
H<G<L<I<A.  
It  is well known that  Lp is monotonical ly increasing over p, assuming that  L0 = I and L_ 1 = L. 
Now, let us reconsider inequality (2.1) in the following equivalent form: 
(1 - h) f (x )  + f (a)  +2 f(b) . h -  - -  1 fab dt b - a f ( t )  
(x - (a + b/2)) 2 
(b - a) frf' lf~ , 
(4.1) 
for all h E [0, 1] and x E [a, b] such that  
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1. Consider the mapping f : (0,0e) --* (0,00),  f (x )  = x p, p e R/{-1 ,0} .  Then, for 
0<a< b, wehave  
1// f(a) + f(b) _ A(aP ' bp), ~-a  f (x)  dx = LP(a, b), 
2 
( Ipl bp-1, 
Ipla p-l ,  
and then, by (4.1), we deduce that  
if p> 1, 
i fp  C ( -co ,  1] { -1 ,0} ,  
- 4 + -~- - - -~  @(a ,b) ,  (4.2) 
. 
where 
Iplb p - l ,  i fp  > 1, 
5p(a,b):= iplap_l, i fpe( -oc ,  1 ]{ -1 ,0} ,  
and h e [0,1],x e [a + h. (b -  a /2 ) ,b -  h. (b -  a/2)]. 
Consider the mapping f : (0, oc) --* (0, oc), f (x)  = 1/x, and 0 < a < b. We have 
l f f  f(a) + f(b) _ H_ l (a ,b ) ,~_a  f(x) dx = L- l (a,b),  
2 
1 
IIf'll  a 2 
and then by (4.1), we deduce, for all h E [0, 1], and a + h. (b - a/2) < x < b - h. (b - a/2)  
that  
I (1 -h )HL+Lxh-xH 1<_-7  (b -a )  + - + ' (4 .3 )  
3. Consider the mapping f : (0, cx~) --* R, f (x)  = lnx, and 0 < a < b. We have 
f(a) + f(b) 1 fb  
2 -- lnG,  b ----~ Ja f (x) dx = in I ,  
and then, by (4.1), we deduce that  
1 
IIf'll  = - a 
l n [~] l  <- l  [ (b -a )  [h2 +(h-1)2]  + 4 ~bL-a) 1' ft.4) 
for all h e [0, 1], and x e [a + h . (b - a/2), b - h. (b - a/2)]. 
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